In the past years multiphysics computational models aiming at describing clot formation and growth have been developed using different constitutive equations. Most models were designed to investigate the interactions between many agents of the so-called coagulation cascade but were based on simple assumptions to describe the complex interaction between the clot and the flow. The models integrating the more elaborate Phan-Thien-Tanner (PTT) model, able to describe the viscoelastic behavior of the clot, have been successfully implemented to simple geometries but seem to be difficult to control when applied to complex ones. In aneurysm clot modeling, where complex geometry and sophisticated viscoelastic models are essential to realistic simulation outcomes, its successful implementation appears as a necessity. The paper presented here focused on a stabilization strategy to circumvent the numerical difficulties when applying the PTT-model to a more complex aneurysm geometry with implanted flow diverter.
Introduction

Problem description
The blood clot is a main actor in most vascular pathologies. It is responsible for occlusions by forming a thick plug but also, if attaching to the vessel wall, it will promote local inflammation and destabilization of the wall. We are interested to simulate the formation of a blood clot and understand its interaction with hemodynamics in mechanical and chemical terms after endovascular treatment with a flow diverting device. The model has to fulfill the main requirements dictated by the biological understanding and the observations made from real cases, especially regarding its interactions with the flowing blood:
• The clot is initiated by aberrant flow conditions on the wall that may change the endothelium into a thrombogenic state.
• The growing clot exerts a history dependent mechanical influence on the flowing blood. Translated in mechanical terms, the additional stress built by the growing clot has to have viscoelastic character.
• The clot must be dynamic, which means that the clot does not only grow but can also recede depending on the flow regime it is subjected to.
The model that best fulfills these requirements is the so-called Phan-Thien-Tanner (PTT) model [1] , a constitutive equation which describes how a fluid can switch from a purely viscous to a purely elastic behavior. This model is generally used for simulating polymerization and behave well for viscoelastic fluids with low relaxation time but are known to produce spurious oscillations when solved for long relaxation times, especially in complex geometries. In the literature the dimensionless so called Deborah or Weissenberg numbers characterize the behavioral regime. Geometrical singularities such as reentrant corner and enclosed cylindrical objects are especially prone to cause these oscillations and impede convergence of the simulations. Such singularities are by nature present in the geometries we are interested in.
We will present a pragmatic approach based on spatial domain differentiation preventing such oscillations to occur and thus enable the use of PTT models for describing the growth of a blood clot in idealized two-dimensional aneurysmal geometries. Yet, this approach is in no way limited to clotting but may as well serve the wider use of PTT models for other applications.
Biological background
An aneurysm is generally defined as a bulging tissue sack protruding from a vessel, which eventually ruptures due to its weakened wall. Aneurysms generally occur in peripheral arteries and in the descending aorta and are particularly dangerous in the brain. Its genesis and development is a very complex process that involves inflammation mechanisms leading to wall weakening and wall remodeling. Nowadays, due to the generalization of the use of non-invasive brain imaging techniques, many asymptomatic intracranial aneurysms are discovered by coincidence. As the rupture risk is difficult to assess, the common practice is to treat a detected aneurysms by surgery or by introducing endovascular devices. Endovascular treatments are of two categories: coiling and flow diverting stent (FD) implantation, both aim at promoting blood clotting in the aneurysm. In this article we will only consider the FD treatment, which relies on a small porous tubular structure made of braided thin wires. The implementation of a FD is realized by approaching the lesion site with a catheter from the femoral artery up to the brain. When deployed inside the vessel, the FD conforms to the geometry of the adjacent parent vessel distal and proximal to the aneurysm and covers its neck with its fine mesh. After placement, the FD partially canalizes the flow over the aneurysm neck. In the cavity of the aneurysm it slows down the blood velocity and alters the flow pattern. Due to the partial flow stasis the aneurysm will start to clot and progressively occlude. In successful cases the clot continuously fills the entire cavity and constitutes the scaffold for enabling further remodeling mechanisms, where smooth muscle cells will settle to build a strong matrix. This elegant treatment has proven to be mostly very effective, but has also shown catastrophic outcome in singular cases. Although controversially discussed, this method is applied widely and with much success. Unfortunately there is no consensus or guidelines what optimal post stenting conditions are. In the aneurysm both healing and destruction are caused by the new clot and it is today not clear what the optimal healing conditions and the corresponding dynamics of clot formation are. It is our interest to better understand the precise time course and balance of the events leading to clotting of the cavity. The long-term vision is to achieve a prediction of clotting for a specific patient and to derive optimal treatment strategies.
The primary structure that constitutes the clot is the so called platelet plug that is formed by aggregating activated platelets. In our model, the intensity and location of the viscoelastic stress caused by the plug is strongly linked to the aggregation process, which is governed by two main mechanisms:
• The originally inert, non-activated platelets activate when coming in contact with an thrombogenic portion of the vessel wall (e.g. lacking endothelial coverage) or with a sufficient concentration of activating agent.
• Once activated, the platelets gain the ability to build links to the injured wall or to other activated platelets and release adenosine diphosphate (ADP) contained in their granules, which is a potent activating factor for further platelets.
The exact condition causing the inner lining of the vessel (endothelium) to lose its integrity and becoming thrombogenic is not fully understood and subject to many hypotheses. Observations suggest that temporally or spatially aberrant flow patterns cause the endothelial layer to dysfunction or even to vanish, failing to fulfill their main task of keeping blood platelets from adhering to the wall [2] . High Wall Shear Stress (WSS) and positive wall shear stress gradient (WSSG) are believed to be able to cause endothelial cells to malfunction [3] . Endothelial cell function may also deteriorate whenever WSS is too low [4] . Being a reasonable choice, in the model presented here the thrombogenic region of the wall is determined based on the low WSS assumption.
Other approaches
The simulation and biology of blood clotting gained much attention in the last decade. Many very important works focused on clot description particularly on the kinetics of the reactions and assume an ideally well mixed domain (e.g. [5] and [6] ). Most models from this category consist of ODEs and generally leave out the influence of the flow.
In 2D and 3D models targeting the spatial characteristics of the clot and its interaction with the flow, two main approaches prevail: micromodels, where the motion of each individual cell is followed over time and macromodels, where the evolution of the concentrations of selected biological agents are considered in a continuum, mostly using a PDE formulation of reaction-diffusion-convection equations.
Micromodels allow a precise investigation of the key cell to cell interactions governing the clot growth for instance the dynamic platelet adhesion [7] , [8] and can be extended at a high calculation cost to describe small scale aggregates [9] . Macromodels are generally used to describe the evolution of bigger size aggregates [10] . The group of Fogelson [11] has pioneered clot modeling for over two decades. They developed and calibrated its macromodels based on the observations made on its micromodel including flow. Pivkin et al. [9] developed a 3D model describing the motion and the adhesion interaction of each platelet individually.
Recently, some groups simulated more and more agents engaged in the clotting cascade (e.g. Xu et al. [12] include 22 agents, Bodnar et al. [10] uses 23 agents), where the gauging and stability of the simulation tends to get very difficult. The interaction between the clot and the clot-free flow was also modeled using different assumptions like linking the fibrin concentration to the blood viscosity [10] or describing the clotted domain as a porous medium via Darcy's law [12] . The PTT model we chose features constitutive equations that compute the additional stress caused by the linked platelets and includes it in the regular Navier-Stokes equation [11] . The model we present here is largely based on the macromodel from Fogelson, extended to tackle the challenges arising from more realistic domain geometries. This macromodel appears to be the most suited as it directly includes the mechanical link between blood flow and blood biology. Its strongest asset is the ability to describe the viscoelastic behavior of the clot observed in clinical practice.
Model description
In our multi-physics model we simulate blood coagulation in 2D with a general finite element method that spans over different spatial scales. The aim is to couple hemodynamics and the resulting mechanical conditions of the clot and the wall with the biochemical reactions of blood clotting. The transient model presented here explores the conditions of the complex multi-physics interaction in a simplified but meaningful way rather than attempting maximum realism. The mathematical approach is based on three kinds of equations:
• the incompressible Navier-Stokes equation for describing the velocity fields and pressure distribution of the flowing blood, • sets of so called convection-reaction-diffusion equations describe the time evolution and interaction of the concentrations of the biological agents in the domain, • an adapted Phan-Thien-Tanner model for the description of the viscoelastic stresses created by platelet aggregation.
The complex coagulation cascade has been reduced to its principal phenomenological agents and the complexity of its subprocesses reduced to a few reactions. The considered biological agents are activated platelets, non-activated platelets, and the signaling molecule. This agent is an integral category that resembles all biological agents responsible for platelets activation (e.g. ADP). The model describes how non-activated platelets, which are transported passively in the blood stream, can activate through the mechanisms described in section 1.2 and how they contribute to building viscoelastic stress. Flow and the clot have a mutual influence on one another. The flow causes the network of interlinked platelets to deform and its constituting bonds to stretch, whereas the flow also is perturbed by the presence of the aggregate.
Fluid flow
For flow computation we are using the Navier-Stokes equation for an incompressible fluid with density ρ and dynamic viscosity μ. This equation, solved together with (2) ensuring volume conservation, yields values for the velocity field u and the pressure p. The viscoelastic effects of the stress created by platelet-wall bonds ∇σ w and by platelet-platelet bonds ∇σ p are integrated in (1) by means of the last two terms on the right side, the bold notation denotes a tensor. For definition of the viscoelastic behavior see 2.3.
Platelet activation
A set of convection-reaction-diffusion equations describes the evolution and interaction of the concentration of platelets φ and signaling agent c. Throughout the description, subscripts n and a define values used for nonactivated and activated platelets respectively. The left hand side of (3) and (4) 
Equation (5) describes the time evolution of the concentration of the activating agent c. As for the platelets the transport phenomenon is modeled through the term u · ∇c with diffusion rate D c . The reaction term on the right hand side describes how the activating agent is produced at a rate that is proportional to the rate of platelet activation with factor A.
Viscoelastic stress
Equations (6) and (7) are the constitutive equations for the viscoelastic stress tensors produced by plateletwall-bonds (superscript w) and platelet-platelet-bonds respectively (superscript p). It is a variation of the PTT model. (PTT). The terms of the left hand side define the convection and diffusion similarly to (4), (3) and (5).
The two terms of the form ∇ u · σ + (σ · ∇ u) T describe the "stretching effect" that the flow exerts on bonds, aligning them with the direction of the velocity field. The third term of both equations expresses the production of bonds: wall-platelet-bonds are created at a rate a w 2 proportionally to the activated platelets present in the near wall region. I represents here the identity tensor. The platelet-platelet-bonds are created at a rate a p 2 , proportionally to the squared concentration of activated platelets, because one bond can only be formed by two platelets. The last term of both equations relates to the rupture of the bonds at constant rates β w and β p . In comparison with most PTT models no shear-thinning effect will appear as constant breaking rates are assumed. One can notice in these equations that an equilibrium state balancing clot progression and clot dissolution can theoretically be achieved if the function β p , dissolving the clot, exactly compensates for new bonds created by newly activated platelets.
Numerical consideration
When applying the described model on an idealized side wall aneurysm, we were confronted to numerical instablities mainly due to the boundary effect produced by our geometry. The origin of these difficulties of the model will now be explained, along with modifications that help solving these. Considering the model from the perspective of numerics, three dimensionless numbers characterize the viscoelastic flow conditions: the Reynolds, Peclet and Weissenberg numbers. The relative difficulty for the solver to find the solution for one set of equations depends on their degree of nonlinearity. In some cases, mathematical solution do not even exist.
Reynolds number. The Navier-Stokes equation is known to be numerically challenging for high Reynolds numbers (>2500), which quantify the relative effect of inertial forces over the effect of viscous forces exerted on a fluid. In the geometry investigated in this study, the Reynolds number is not critical. Peclet number. The non-dimensional number characterizing the transport equations (4), (3) and (5) is the Peclet number. It defines the rate of advection to the rate of diffusion. The Peclet number for transport phenomena is defined in literature as
where D vessel is the characteristic length of the geometry, v max is the characteristic velocity, D i the diffusion constant of the transported species. Local mesh refinement was found in our case sufficient to ensure numerical stability although the Peclet numbers of the model are very high (see Table 1 ). Weissenberg number. Most numerical complications in the presented model arise from the constitutive equations for the viscoelastic stress (6) and (7). Their characteristic non-dimensional number, the Weissenberg number, describes the viscoelastic relaxation time. In case of PTT equations, this number is defined as
Simulation of viscoelastic flow with high Weissenberg number is known to cause numerical instabilities in geometries presenting reentrant corners, enclosed cylinders and flow contraction. These properties are present in our model. It can be seen from the results that the problematic behavior is due to the term ∇ u · σ + (σ · ∇ u) T . Several works in literature have been addressing the problems encountered with high Weissenberg numbers, e.g. in case of flow contraction [13] (We = 9), for flow past cylinder like obstacles [14] (We = 0.9), [15] (We = 2.9) and in lid-driven cavity [16] (We = 5). Alves et al. even reported successful simulations on 4:1 contraction flow with We = 10 4 depending on the constitutive formulation [17] . Powerful computing allowing massive mesh refinement and sophisticated stabilization techniques pushed further the achieved maximal Weissenberg number.
In the case presented here with β = 10, according to the definition (8) we are facing We = 16, which is in the upper range of the benchmark cases listed above.
Simulation
The 2D model was simulated with finite element method (FEM) on a mesh counting approximately 67k elements with the commercially available program Comsol (v4.3). The Navier-Stokes equations were discretized using second-order elements for the velocity components and linear elements for the pressure field. All other equations were discretized with linear elements. The numerical experiments presented here were performed on a 2D idealized geometry of a side wall aneurysm, with dimensions shown in Fig 1. The left boundary is defined as the inflow. A Dirichlet boundary condition (DBC) was imposed on the velocity to represent a fully developed time-constant velocity profile with a maximum velocity of 0.5[m/s]. DBCs were also applied on the other concentrations to simulate constant inflow of unclotted blood, free of activated platelets (φ n = φ n,0 , φ a = 0, c = 0, σ w = 0, σ p = 0). The right boundary condition is defined as outflow, with constant zero pressure and no viscous stress (p = 0, μ ∇ u + ∇ u T · n = 0). All wall boundary conditions are regarded as no slip. As it is assumed that all concentrations are transported out of the domain through convection, the following condition was applied on all transport equations: − n · D i ∇c i = 0, where n is the boundary normal vector and where D i is the diffusion constant of the considered species c i . The initial conditions for flow and pressure are obtained by a steady state simulation for the Navier-Stokes equations without viscoelastic stress. At the beginning of the simulation, only the concentration of non-activated platelets is non-zero (φ n = φ n,0 , φ a = 0, c = 0, σ w = 0 and σ p = 0). The domain of initiation was defined for the case with FD as the domain where WSS was lower that the smallest WSS on the model without FD. For consistency the same initiation area was then applied for the model without FD (Fig 1) . Prior to solving, all equations were non-dimensionalized and normalized to 1 for better precision and efficiency. All simulations are realized in 2D, the third dimension is considered infinite. Although no formal mesh-sensitivity was realized, the mesh was refined to reduce solution oscillations caused by progressing fronts and around geometrical singularities. In the cases with implemented FD, each wire was represented by a series of cylinders placed over the neck area of the aneurysm. Depending on the model a computational time of 36 to 40 hours was necessary to complete the simulation on Dual-Eight Core Intel Xeon X2665 machine, with clock frequency of 2.4 GHz. 
Implemented solution for high Weissenberg number
Solving of the model suffers from numerical instabilities related to high Weissenberg numbers. The rational of our approach is the following: At the beginning of the simulation the entire clot-free domain only contains blood, that is assumed to be incompressible, homogeneous and Newtonian. The clot first develops around the initiation area and propagates into the domain. This means that in our case the additional stress caused by the clot can only be present in a defined area, which is fundamentally different to cases, where the simulated fluid has viscoelastic character over the whole domain from the beginning on. The principle of the method presented here is to disable the artifact producing terms in the equations prior to each new time step dt away from the clot, where the terms physically must not occur. This approach proved to efficiently suppress numerical instability without impacting negatively on the computational time. The best results were achieved by adding a function
to (6) and (7) . This additional function acts as a switch to deactivate the problematic terms in the regions not containing stress. The modified equations now read as:
The above equations were solved with an iterative scheme with Comsol Multiphysics (4.3) using the MUMPS solver. Each time step from t 0 to t 0 + dt was controlled by a Matlab routine. At the end of each time step the domain function S (x, y, φ a (t ∈ [t i , t i + dt]) was calculated within Matlab for the next period dt to be solved. The function was defined to enclose the area φ a > φ a,thresh with a defined margin.
Application and Results
With the applied technique we can now successfully solve the model. A first flow analysis of the case presented here shows a drastic difference in flow pattern inside the aneurysm with and without FD. Looking at Fig 2 and its coloring scheme representing the magnitude of flow velocity, it is obvious that the velocity inside the cavity was drastically reduced. The grey lines (flow lines) and the arrows (flow direction) plotted inside the domain also indicate that the recirculation zone was pushed towards the apex of the dome of the aneurysm. We are well aware that the 2 dimensional approach used here produces qualitatively different flow patterns than a 3 dimensional model would. Still, these two drastically different cases constitute a ideal test bench for testing our model and evaluate the applicability of the PTT model for blood clotting.
The spurious behavior of the stress equations are always occurring in locations of high velocity gradient. In our geometry these areas are located on the boundary on the neck of the aneurysm and around the FD wires where flow stagnation points are. These areas are labeled A and B in gradient and the artifacts encountered during simulations without stabilization schemes are summarized in Fig  3. In such cases the physically incoherent stress σ i is fed into (1), disturbing the velocity field u in such a way that the zone of high gradient extends. As a consequence the production of the incoherent stress due to the term
T involving the velocity gradient in (6) and (7) also creates a degenerative feedback over the whole system. One can notice that not only stresses are produced in an area where there should logically be no clot, but that the value is physically inconsistent as the diagonal elements of the stress tensor σ With our implemented method the simulation runs without creating artifacts around the critical areas for a much longer time, allowing a comparative study between the cases with and without FD. This comparison is to be seen in the sequences in Fig 4 (a) where the clot density is represented by the value of the trace of the additional stress and in Fig 4 (b) showing how the clot modifies the velocity inside the aneurysm. The clot's growing potential depends on the flow regime inside the aneurysm and is interpreted the following way: In the case without stent, the clot grows from the wall until reaching a maximum state, after which the signaling agent is carried away too fast to allow recruiting of more platelets to aggregate to the existing clot. In the case with implanted FD, the higher residency time of the signaling agent enables further clot growth, monitored by computing the clotted to aneurysm surface ratio (Fig 5) . We define an area as clotted as soon as the trace of the stress tensor σ p reaches a level that noticeably influences the flow. The surface ratio of the example without FD reaches a plateau, whereas the case with FD increases steadily. For the non FD case this means a constant turnover of activation of platelets, which maintains an inflammatory reaction of the wall. This chronic condition will lead to further wall degradation and promotes growth and mechanical instability of the aneurysm. 
Conclusion & Outlook
We have set up a 2D model to efficiently simulate platelet aggregation in a cerebral aneurysm treated with a flow diverter. The model integrates hemodynamics, blood thrombosis and wall reaction. In these simulations we have encountered numerical instabilities in the viscoelastic terms that can be characterized with the dimensionless Weissenberg number. To avoid the initiation of these instabilities we propose disabling clotting where it is physically unrealistic between consecutive simulation steps, thus preventing buildup of the distortions. With this seemingly minor intervention we are now able to transiently simulate the formation of a blood clot after stenting for an idealized 2D geometry. The simulations already exhibit qualitatively reasonable behavior when comparing cases with and without flow diverter. As an important property, the model exhibits mechanical stresses in the clot itself. This unique feature justifies the additional complexity using this model over other purely mechanistic approaches. With this model in place we are now in the position to further analyse clot stability and include clot maturation processes.
This model is obviously still a simplification in regard to flow dynamics, spatial representation, and complexity of the clotting cascade process. It will be the next step to migrate to 3D, as 2D may never exhibit highly relevant flow conditions like impinging jets. 3D flow simulations carried out on models of comparative size show that such behavior only is possible for perfectly symmetrical vessel and aneurysm absolutely identical on both sides of its middle plane. Otherwise more complex flow patterns like impinging inflow jets will only appear in 3D geometries. At the downside, the computational time required to solve a theoretically feasible full 3-dimensional extension requires high performance computing. We intend to explore a hybrid approach linking conventional 3-dimensional flow simulations with extrapolated 2 dimensional simulations of the clot model.
Changing the steady flow in 2D to a pulsating inflow will produce more realistic flow conditions, still these will not resemble the complexity observed only in 3D. For these reasons we refrained from varying inflow in the examples shown in our study. Furthermore, clotting occurs in a timescale of minutes to hours whereas the timescale of the heartbeat is seconds. The mechanical interaction will depend on the pulsating flow, which will then translate into a biological reaction. This asks for a further extension of the model to be able to span over different time scales. Interestingly enough, once the described mechanical coupling has been solved, increasing the complexity of the clotting cascade is the lesser problem.
The ideal 2D cases shown here do already show reasonable clotting behavior when comparing them with histological cuts of clotted aneurysms after stenting. The clot forms in concentric layers from the wall inward. However, with the ideal geometry the aspired scenario of a completely filled aneurysm after stenting can not be reached, mainly because of the presence of an ever recirculating flow visible in both cases in Fig 2. As convection only carries agents back into the circulating zone, their only way out is through diffusion, which is not sufficient to give rise to further clotting. This is purely an artifact due to the 2D restriction that implicitely considers an ideally symmetrical case without velocity in the third dimension.
Based on this initial work, we plan to make a systematic sensitivity analysis of the numerous parameters governing this model, aiming at benchmarking the range of possible scenarios. With our clinical and biological partners we continue to validate our assumptions and to correlate our simulation to their observations. This should serve our final goal to be able to predict clotting behavior for stented aneurysms.
